Abstract. Under the assumption of the minimal model theory for projective klt pairs of dimension n, we establish the minimal model theory for projective lc pairs such that the log canonical divisor is log abundant and its restriction to any lc center has numerical dimension at most n. We also give another detailed proof of results by the second author [27] , and study termination of log MMP with scaling.
Throughout this paper we will work over the complex number field C. Log abundant lc pairs. In the first half of this paper, we study log MMP for log abundant lc pairs. Let π : X → Z be a projective morphism, and let (X, ∆) be an lc pair. Then the divisor K X +∆ is π-log abundant with respect to (X, ∆) if it is abundant over Z and for any lc center S of (X, ∆) with the normalization S ν , the pullback of K X + ∆ to S ν is abundant over Z. For precise definition, see Subsection 2.2. In this paper, non-pseudo-effective divisors are abundant by convention.
The following theorem is the main result of this paper.
Theorem 1.1. Assume the existence of good minimal models or Mori fiber spaces for all projective klt pairs of dimension n. Let π : X → Z be a projective morphism of normal quasi-projective varieties, and let (X, ∆) be an lc pair such that K X + ∆ is π-log abundant with respect to (X, ∆) and the inequality κ σ (S ν /Z, (K X + ∆)| S ν ) ≤ n holds for any lc center S of (X, ∆) with the normalization S ν . Then, (X, ∆) has a good minimal model or a Mori fiber space over Z.
In Theorem 1.1, κ σ (S ν /Z, · ) denotes the relative numerical dimension with respect to the morphism S ν → Z (see Subsection 2.2). The class of log abundant lc pairs is known as an important class in the minimal model theory. The class is very useful when we carry out an inductive argument on dimension of varieties. For example, the abundance conjecture for abundant klt pairs and log abundant lc pairs are studied by a lot of people ( [28] , [37] , [10] , [19] , [13] , [17] , [23] ), and the conjecture is currently known in full generality ( [23] , and [17] for projective case). For klt case, the existence of good minimal models or Mori fiber spaces is known ( [32] and [21] ). On the other hand, little is known about log MMP for log abundant lc pairs because log MMP does not preserve the property of being log abundant. Ambro and Kollár [2] study behavior of non-klt loci of lc pairs under log MMP. Birkar and the second author showed in [8, Example 5.2 ] that the minimal model theory for log big lc pairs implies the abundance theorem in a special situation. In this way, the minimal model theory for log abundant lc pairs is a very difficult problem. Nevertheless, Theorem 1.1 shows that it holds true if we assume the minimal model theory in lower dimensions and an assumption on the restriction of log canonical divisor to lc centers. We note that Theorem 1.1 is one of inductive arguments.
We give some simple applications of Theorem 1.1.
Theorem 1.2 (=Theorem 4.2).
Assume the existence of good minimal models or Mori fiber spaces for all projective klt pairs of dimension n. Let π : X → Z be a projective morphism of normal quasi-projective varieties, and let (X, ∆) be an lc pair such that
• K X + ∆ is abundant over Z or ∆ is big over Z, and • for any lc center S of (X, ∆), we have dimS − dim π(S) ≤ n. Then, (X, ∆) has a good minimal model or a Mori fiber space over Z. Theorem 1.3. Let (X, B) be a projective Calabi-Yau pair, that is, a projective lc pair (X, B) such that K X + B ≡ 0. Suppose that −K X is big and any lc center of (X, B) is at most 3-dimensional.
Then, for any effective Q-Cartier divisor D whose support contains no lc centers of (X, B), the graded C-algebra R(X, D) = m≥0 H 0 (X, O X ( mD )) is finitely generated. In particular, if K X is Q-Cartier and (X, (1+t)B) is lc for some t > 0, then R(X, −K X ) is finitely generated, and X admits a birational contraction to an lc Fano variety.
In case when −K X is nef in Theorem 1.3, the statement shows the semi-ampleness of anti-canonical divisor of lc weak Fano varieties under the assumptions on dimension of lc centers and existence of a Calabi-Yau pair whose lc centers coincide with lc centers of underlying variety. Theorem 1.4. Assume the existence of good minimal models or Mori fiber spaces for all projective klt pairs of dimension n.
Let π : X → Z be a projective surjective morphism of normal quasi-projective varieties such that dimX −dimZ ≤ n and all fibers of π have the same dimension, and let (X, ∆) be an lc pair. Then (X, ∆) has a good minimal model or a Mori fiber space over Z. Theorem 1.4 shows a relation between the minimal model theory in the absolute setting and that in the relative setting. For proofs of those applications, see Section 4.
Lc pairs with boundaries containing ample divisors. Using ideas in the proof of Theorem 1.1, in the latter half of this paper, we give an alternative proof of results originally announced by the second author [27] . Theorem 1.5. Let π : X → Z be a projective morphism of normal quasi-projective varieties, and let (X, B) be an lc pair. Let A be a π-ample R-divisor on X such that (X, B + A) is lc.
Then, (X, B + A) has a good minimal model or a Mori fiber space over Z.
The key ingredient to prove Theorem 1.5 is Theorem 5.1, which is equivalent to a combination of [27 With Theorem 1.5, we prove a special kind of canonical bundle formula for lc pairs. For details of proof, see Section 5.
In Section 6, we study termination of non-Q-factorial log MMP with scaling of an ample divisor. We would like to note that termination of non-Q-factorial log MMP is highly nontrivial and considerably important to our understandings of minimal model theory, and the following theorem is essential to a thorough study of this task. Theorem 1.7. Let π : X → Z be a projective morphism of normal quasi-projective varieties, and let (X, B) be an lc pair. Suppose that (X, B) has a log minimal model over Z or K X + B is not pseudo-effective over Z. Let A be an ample R-divisor on X such that (X, B + A) is lc and K X + B + A is nef over Z.
Then there is a sequence of birational maps (X, B) = (X 1 , B 1 ) (X 2 , B 2 ) · · · (X l , B l )
of a non-Q-factorial (K X + B)-MMP over Z with scaling of A that terminates.
We prove Theorem 1.7 by applying Theorem 1.5. To explain differences between our proof and proofs in [27] , we compare arguments in sections 5 and 6 with those in [27] . As stated before, the goal of Section 5-6 is to give an alternative proof of results in [27] , so our arguments are completely independent from [27] , and moreover we prove further results (Theorem 1.6 and Theorem 5.10). First, we compare proof of Theorem 1.5 with that of [27, Theorem 1.1] . Both proofs use the same reduction, that is, a reduction to special termination by using a special kind of log MMP ([27, Section 2, A special LMMP]). But proofs after the reduction are different. In the proof of [27, Theorem 1.1] (see [27, Section 5] ), careful analysis of non-nef loci and behavior of open neighborhoods near the generic point of each lc center of lc pairs play crucial roles. On the other hand, our proof does not use these techniques, but we apply ideas of the proof of Theorem 1.1. More specifically, we apply results of log abundant log canonical divisors of lc pairs and [3, Proof of Theorem 1.2], which are more purely minimal model theoretic and more natural to extend to a more general setting. Next, we compare Theorem 1.7 with [27, Theorem 1.4 and Corollary 1.5]. We emphasize that Theorem 1.7 is in the framework of non-Q-factorial pairs (compare Theorem 1.7 with [27, Theorem 1.4 and Corollary 1.5]). Furthermore, in proof of Theorem 1.7 we make good use of length of extremal rays ( [12, Section 18] ) and a result of termination of log MMP with scaling ([5, Theorem 4.1]) without using the geography of models (see [38, Section 6] ) or theory of finitely generated adjoint rings (for example, linearily of asymptotic vanishing orders) established in [9] , which are heavily used in [27, Section 6] . But, compared with [27, Theorem 1.4 and Corollary 1.5], we only prove the existence of a sequence of steps of log MMP that terminates.
It is natural to expect that all log MMP with scaling of an ample divisor terminate in the situation of Theorem 1.7, and our result would be a feasible starting point.
Contents of the paper. This paper is divided into two parts: Section 2-4 and Section 5-6. In Section 2, we collect definitions, notations and results on log MMP. In Section 3, we prove Theorem 1.1. In Section 4, we prove Theorem 1.2, Theorem 1.3, Theorem 1.4 and the minimal model theory for lc pairs with log big boundary divisors in a special case (Theorem 4.3). In Section 5, we prove Theorem 1.5, Theorem 1.6 and an application (Theorem 5.10). In Section 6, we prove Theorem 1.7.
Divisors and morphisms. Let X be a normal projective variety. We use the standard definition of nef R-divisor, ample R-divisor, semi-ample R-divisor, etc. In this paper, we do not assume big R-divisors to be R-Cartier. For any morphism f : X → Y and any R-Cartier divisor D on Y , we sometimes denote f * D by D| X . For a variety X and an effective R-divisor D on it, a log resolution of (X, SuppD) denotes a projective birational morphism f : Y → X from a smooth variety Y such that the exceptional locus Ex(f ) is pure codimension one and Ex(f ) ∪ Suppf −1 * D is a simple normal crossing divisor.
Let f : X → Y be a projective morphism of varieties. Then f is called a contraction if it is surjective and has connected fibers. Let D be a semi-ample R-divisor on X. We say that f is a contraction induced by D if f is a contraction and we have D ∼ R f * A for some ample R-divisor on Y . We note that a contraction induced by D always exists for any semi-ample R-divisor D.
Let D be a semi-ample R-divisor on a normal projective variety X. We can write D = i r i D i , where r i are positive real numbers and D i are base point free Cartier divisors. Then D is general (resp. sufficiently general) if there is a sufficiently large and divisible integer k > 0 such that
are general (resp. sufficiently general) elements of |kD i |. In particular, when D is general, D is effective and all coefficients of D are less than one.
Lemma 2.1. Let f : X X ′ be a birational contraction of projective Q-factorial varieties. Let S and S ′ be normal projective subvarieties of X and X ′ respectively such that the indeterminacy locus of f does not contain S and the restriction of f to S induces a birational map f S : S S ′ . Fix a common resolution φ : T → S and
Proof. Let Z be the smallest closed subset of X such that f is an isomorphism on X \Z. Then, for any general A ∼ R D such that SuppA does not contain any component of Z and Z ∩ S, we have A S ≥ 0, A S ′ ≥ 0 and f S * A S ≤ A S ′ . Therefore, if we pick a general A ∼ R D so that A satisfies the above conditions, φ * A S = φ −1 * A S , and Suppφ * A S does not contain any φ ′ -exceptional prime divisors, then A satisfies all the conditions in Lemma 2.1. Note that A S and A S ′ are R-Cartier since X and X ′ are Q-factorial.
Lemma 2.2. Let f : X X ′ be a birational map of normal projective varieties. Let ∆ ′ be a reduced divisor on X ′ , and let E ′ be the reduced f −1 -exceptional divisor. We fix a log resolution g
Proof. We note that g ′ is projective, W is smooth and Ex(g ′ ) is pure codimension one. So we only have to prove that Suppg
is a simple normal crossing divisor. By construction of g ′ and E ′ , this condition is satisfied when Suppg * A intersects Suppg
. By an application of Bertini type theorem, we see that any general A ∼ R D satisfies this condition.
Singularities of pairs.
A pair (X, ∆) consists of a normal variety X and a boundary R-divisor ∆ on X such that K X + ∆ is R-Cartier.
Let (X, ∆) be a pair, and let P be a prime divisor over X. Then a(P, X, ∆) denotes the discrepancy of P with respect to (X, ∆). We use standard definitions of Kawamata log terminal (klt, for short) pair, log canonical (lc, for short) pair and divisorially log terminal (dlt, for short) pair as in [31] . In [31] , pairs and classes of singularity are defined in the framework of Q-divisors. But, we can similarly define those classes of singularity for pairs of a normal variety and a boundary R-divisor. When (X, ∆) is an lc pair, an lc center of (X, ∆) is the image on X of a prime divisor P over X whose discrepancy a(P, X, ∆) is equal to −1. Lemma 2.3. Let (X, ∆) be a pair, and let f : Y → X be a log resolution of (X, ∆). We define Γ ≥ 0 and E ≥ 0 so that K Y + Γ = f * (K X + ∆) + E and Γ and E have no common components. Then a(P, Y, Γ) = min{0, a(P, X, ∆)} for any prime divisor P on Y .
Proof. It is clear from definition of discrepancy.
Lemma 2.4. Let (X, ∆) be a dlt pair and S a component of ∆ . Fix a log resolution f : Y → X of (X, ∆) and we write K Y + T + Γ = f * (K X + ∆) + E, where T is the birational transform of S on Y and Γ ≥ 0 and E ≥ 0 have no common components. Then Γ| T and E| T have no common components and E| T is exceptional over S.
Proof. Suppose that there is a common component D of Γ| T and E| T . Then there is a component Γ
′ and E ′ of Γ and E respectively such that
But the left hand side has codimension 2 in X and the right hand side is codimension at least 3 in X since Y → X is a log resolution of (X, ∆), so we get a contradiction.
We define ∆ S by adjunction K S + ∆ S = (K X + ∆)| S . Then ∆ S ≥ 0 (see, for example, [12, Section 14] ) and ∆ S = f | T * (Γ| T ) − f | T * (E| T ). Since the morphism f | T : T → S is birational, f | T * (Γ| T ) and f | T * (E| T ) have no common components. Thus f | T * (E| T ) = 0, and hence E| T is exceptional over S.
Models. In this paper, we freely use definition of models as in [24, Definition 2.2] . We write down the precise definition here.
Let π : X → Z be a projective morphism from a normal variety to a variety and let (X, ∆) be an lc pair. Let π ′ : X ′ → Z be a projective morphism from a normal variety to Z and φ : X X ′ be a birational map over Z. Let E be the reduced φ
is called a log birational model of (X, ∆) over Z. A log birational model (X ′ , ∆ ′ ) of (X, ∆) over Z is a weak log canonical model (weak lc model, for short) if
• K X ′ + ∆ ′ is nef over Z, and • for any prime divisor D on X which is exceptional over X ′ , we have
′ is Q-factorial, and
• the above inequality on discrepancies is strict. A log minimal model ( 
and strict inequality holds if D is a divisor on X and exceptional over X ′ . In particular, we do not assume that log minimal models and Mori fiber spaces are dlt.
For any lc pair (X, ∆) on a normal quasi-projective variety X, we freely construct a dlt blow-up (Y, Γ) → (X, ∆) as in [12, Theorem 10.4] or [30, Theorem 3.1] . In this paper, we call (Y, Γ) a dlt model. Remark 2.5. Let (X, ∆) be an lc pair and (X ′ , ∆ ′ ) be a log minimal model of (X, ∆). Let (X ′′ , ∆ ′′ ) be a Q-factorial lc pair such that K X ′′ +∆ ′′ is nef, X ′′ and X ′ are isomorphic in codimension one, and ∆ ′′ is the birational transform of ∆ ′ on X ′′ . Then (X ′′ , ∆ ′′ ) is also a log minimal model of (X, ∆). Moreover, if (X ′ , ∆ ′ ) is a good minimal model of (X, ∆), then (X ′′ , ∆ ′′ ) is also a good minimal model of (X, ∆).
Invariant Iitaka dimension and numerical dimension.
Definition 2.6 (Invariant Iitaka dimension). Let X be a normal projective variety, and let D be an R-Cartier R-divisor D on X. We define the invariant Iitaka dimension of D, denoted by κ ι (X, D), as follows (see also [14, Definition 2.5.5]): If there is an
Here, the right hand side is the usual Iitaka dimension of E. Otherwise, we set κ ι (X, D) = −∞. We can check that κ ι (X, D) is well-defined, i.e., when there is E ≥ 0 such that D ∼ R E, the invariant Iitaka dimension κ ι (X, D) does not depend on the choice of E. By definition, we have κ ι (X, D) ≥ 0 if and only if D is R-linearly equivalent to an effective R-divisor. Let X → Z be a projective morphism from a normal variety to a variety, and let D be an R-Cartier R-divisor on X. Then the relative invariant Iitaka dimension of
where F is a sufficiently general fiber of the Stein factorization of X → Z, and otherwise we set κ ι (X/Z, D) = −∞. When we have D ∼ R,Z E for some E ≥ 0, by semi-continuity of dimension of cohomology of flat coherent sheaves, we can check that κ ι (X/Z, D) does not depend on the choice of E and F . By definition, we have κ ι (X/Z, D) ≥ 0 if and only if D ∼ R,Z E for some E ≥ 0. Definition 2.7 (Numerical dimension). Let X be a normal projective variety, and let D be an R-Cartier R-divisor D on X. We define the numerical dimension of D, denoted by κ σ (X, D), as follows (see also [35, V, 2.5 Definition]): For any Cartier divisor A on X, we set
, and otherwise we set σ(D; A) := −∞. Then, we define
Let X → Z be a projective morphism from a normal variety to a variety, and let D be an R-Cartier R-divisor on X. Then, the relative numerical dimension of D over Z is defined by κ σ (F, D| F ), where F is a sufficiently general fiber of the Stein factorization of X → Z. We note that the value κ σ (F, D| F ) does not depend on the choice of F , so the relative numerical dimension is well-defined. In this paper, we denote the relative numerical dimension by κ σ (X/Z, D).
Remark 2.8. We write down basic properties of the invariant Iitaka dimension and the numerical dimension.
(1) Let D 1 and D 2 be R-Cartier R-divisors on a normal projective variety X.
• Suppose that
Let f : Y → X be a surjective morphism of normal projective varieties, and let D be an R-Cartier R-divisor on X.
•
Definition 2.9 (Relatively abundant divisor and relatively log abundant divisor). Let π : X → Z be a projective morphism from a normal variety to a variety, and let D be an R-Cartier R-divisor on X. We say that D is abundant over Z if the equality κ ι (X/Z, D) = κ σ (X/Z, D) holds. When Z is a point, we simply say D is abundant. Let π : X → Z and D be as above, and let (X, ∆) be an lc pair. We say that D is π-log abundant (or log abundant over Z) with respect to (X, ∆) if D is abundant over Z and for any lc center S of (X, ∆) with the normalization S ν → S, the pullback D| S ν is abundant over Z.
The following lemma is well-known in the case of Q-divisors, but, to the best of our knowledge, we cannot find the R-divisors case in the literature. We write a detailed proof for the reader's convenience. Lemma 2.10. Let π : X → Z be a projective morphism from a normal variety to a quasi-projective variety, and let D be an R-Cartier divisor on X. If κ ι (F 0 , D| F 0 ) ≥ 0 for a sufficiently general fiber F 0 of the Stein factorization of π, we have κ ι (X/Z, D) ≥ 0. In particular, D is abundant over Z if and only if D| F is abundant for any sufficiently general fiber F of the Stein factorization of π.
Proof. By Definition 2.6, we see that the first assertion shows κ ι (X/Z, D) = −∞ if and only if κ ι (F, D| F ) = −∞ for any sufficiently general fiber F of the Stein factorization of π, which implies κ ι (X/Z, D) = κ ι (F, D| F ). Since the equality κ σ (X/Z, D) = κ σ (F, D| F ) holds by Definition 2.7, the second assertion follows from the first assertion. Thus it is sufficient to prove the first assertion.
Let π ′ : X → Z ′ be the Stein factorization of π, and let U ⊂ Z ′ be an open subset over which π ′ is flat. Since the morphism Z ′ → Z is finite, if there is E ′ ≥ 0 such that
and codimension of π(SuppE ′ − ) in Z is at least one. Since Z is quasi-projective, there is a Cartier divisor A ≥ 0 on Z such that Suppπ
≥ 0, and so we have κ ι (X/Z, D) ≥ 0. We may assume π ′ (F 0 ) ∈ U since F 0 is sufficiently general. So we may replace X → Z by π −1 (U) → U, and we may assume that π is a contraction and flat. 
and we fix a positive integer k p such that k p D p is Cartier. In addition, for any p and m ∈ Z >0 , we define
which is empty or open by upper semi-continuity of dimension of cohomology of flat coherent sheaves. We set
is an intersection of countably many open subsets in Z, and we may assume F 0 = X z 0 for some z 0 ∈ W . Then, for any Q-Cartier divisor D p ′ associated to a rational point 
We consider the set
by an argument of convex geometry, we can find positive real numbers α 1 , · · · , α l 0 and rational points v 1 , · · · , v l 0 in the above set such that l 0 l=1 α l = 1 and
By the argument in the previous paragraph, for any 
Thus we obtain κ ι (X/Z, D) ≥ 0 assuming κ ι (F 0 , D| F 0 ) ≥ 0, so Lemma 2.10 holds.
Lemma 2.11. Let (X, ∆) be a projective lc pair with an R-divisor ∆. Suppose that K X + ∆ is abundant and there is an effective R-divisor D ∼ R K X + ∆. Let X V be the Iitaka fibration associated to D. Pick a log resolution f : Y → X of (X, ∆) such that the induced map Y V is a morphism, and let (Y, Γ) be a projective lc pair such that we can write
Proof. We denote the morphism Y → V by ψ, and let F be a sufficiently general fiber of ψ. By the standard argument of convex geometry, we can find effective Q-divisors 
and the equality κ σ (F, 
Since we haveψ Lemma 2.13. Let π : X → Z be a morphism of normal quasi-projective varieties, and let (X, ∆) be a klt pair. If K X + ∆ is abundant over Z, then (X, ∆) has a good minimal model or a Mori fiber space over Z.
Proof. We may assume that K X + ∆ is pseudo-effective over Z and π is a contraction. Then the statement follows by Lemma 2.11, [25, Proposition 3.3] and taking the relative Iitaka fibration over Z associated to an effective R-divisor D ∼ R,Z K X + ∆.
2.3.
Results related to the log MMP. In this subsection, we collect known results on log MMP or existence of good minimal models.
Theorem 2.14 (cf. [5, Theorem 4.1] ). Let (X, ∆) be a Q-factorial lc pair such that (X, 0) is klt, and let π : X → Z be a projective morphism of normal quasi-projective varieties. If there exists a log minimal model of (X, ∆) over Z, then any (K X +∆)-MMP over Z with scaling of an ample divisor terminates. 
Then, (X, ∆) has a weak lc model (resp. a log minimal model, a good minimal model) over Z if and only if (Y, Γ) has a weak lc model (resp. a log minimal model, a good minimal model) over Z.
Lemma 2.16. Let X be a normal quasi-projective variety, and let T be an empty set or a finite set of exceptional prime divisors over X. Suppose that there is an R-divisor ∆ on X such that (X, ∆) is dlt, and suppose in addition that if T = ∅ then we have
Then, there is a crepant model f : (X T , ∆ T ) → (X, ∆) such that the pair (X T , ∆ T ) is Q-factorial dlt and f -exceptional prime divisors are exactly elements of T . Lemma 2.17. Assume the existence of good minimal models or Mori fiber spaces for all projective klt pairs of dimension n.
Let π : X → Z be a projective morphism of normal quasi-projective varieties, and let (X, ∆) be an lc pair such that K X + ∆ is abundant over Z and κ σ (X/Z, K X + ∆) ≤ n. Let Y → Z be a projective morphism from a normal quasi-projective variety Y , and let X Y be a birational map over Z. Let (Y, Γ) be an lc pair such that inequality a(P, X, ∆) ≤ a(P, Y, Γ) holds for any prime divisor P on X.
Then,
Proof. Let g : Y 0 → Y be a log resolution of (Y, Γ) such that the induced birational map f : Y 0 X is a morphism. We may write K Y 0 +Γ 0 = g * (K Y +Γ)+E 0 with Γ 0 ≥ 0 and E 0 ≥ 0 which have no common components. Since any prime divisor P on X is also a prime divisor on Y 0 , we see that a(P, Y 0 , Γ 0 ) = min{0, a(P, Y, Γ)} by Lemma 2.3. Since a(P, X, ∆) ≤ 0, using the hypothesis of Lemma 2.17 we have a(P, X, ∆) ≤ a(P, Y 0 , Γ 0 ) for any prime divisor P on X. Therefore, (Y 0 , Γ 0 ) satisfies the condition of Lemma 2.17. It is easy to check that we may replace (Y, Γ) with (Y 0 , Γ 0 ). Replacing (Y, Γ), we may assume that (Y, Γ) is Q-factorial dlt and the map f : Y X is a morphism. If K Y + Γ is not pseudo-effective over Z, then there is nothing to prove. So we may assume that K Y + Γ is pseudo-effective over Z. 
respectively, we may assume X = Y . Then ∆ ≥ Γ and K X + ∆ is pseudo-effective over Z.
Let F be a sufficiently general fiber of the Stein factorization of π. Since K X + ∆ is abundant over Z and κ σ (X/Z, K X + ∆) ≤ n, the restriction K F + ∆| F = (K X + ∆)| F is abundant and κ σ (F, K F + ∆| F ) ≤ n by Lemma 2.10. Applying Lemma 2.10 again, it is sufficient to prove that
Therefore, by restricting (X, ∆) and (X, Γ) to F , we may assume that Z is a point.
We have κ ι (X, K X + ∆) = κ σ (X, K X + ∆) ≥ 0 by our assumptions. So there is an effective R-divisor D ∼ R K X + ∆. We take the Iitaka fibration X T of D, and letf :X → X be a log resolution of (X, ∆) such that the induced mapX T is a morphism. We may write
where∆ ≥ 0 and E 1 ≥ 0 have no common components, andΓ ≥ 0 and E 2 ≥ 0 have no common components. By Lemma 2.11, we see that κ σ (X/T, KX +∆) = 0. We also see that dimT = κ σ (X, KX +∆) ≤ n andΓ ≤∆ by construction, and KX +Γ is pseudo-effective. So we have κ σ (X/T, KX +Γ) = 0. From this construction, to prove Lemma 2.17, it is sufficient to prove the following claim:
Claim. Assume the existence of good minimal models or Mori fiber spaces for all projective klt pairs of dimension n. Let (X,Γ) be a projective lc pair with a contraction X → T such that dimT ≤ n and κ σ (X/T, KX +Γ) = 0. If KX +Γ is pseudo-effective, then (X,Γ) has a good minimal model.
Thanks to [25, Lemma 3 .1], we only have to prove the claim in a spacial case when KX +Γ ∼ R,T 0. But the case of the claim follows from [25, Theorem 1.5].
Lemma 2.18 (cf. [4, Proposition 3.2 (5)])
. Let π : X → Z be a morphism of normal projective varieties, and let (X, ∆ 0 ) be a Q-factorial lc pair such that
Then, there is a real number γ > 0 such that γ satisfies the following property: By the argument of Shokurov polytopes, we can find Q-divisors
We show this γ satisfies the condition of the lemma.
Pick any ∆ ∈ L such that ||∆ − ∆ 0 || < γ, and let (X, ∆) (Y, Γ) be a sequence of steps of a (K X +∆)-MMP over Z to a good minimal model. Since γ ≤ γ 0 , the birational transform of K X + ∆ 0 is trivial over each extremal contraction of the ( 
Since the birational transform of K X + ∆ 0 is trivial over each extremal contraction of the (K X + ∆)-MMP over Z, the birational map X Y is a sequence of steps of the (
In this way, we see that
Proof of Theorem 1.1
Proof of Theorem 1.1. We prove Theorem 1.1 by induction on the dimension of X. We may assume that K X + ∆ is pseudo-effective over Z. By taking the Stein factorization of π, we may assume that π is a contraction. We prove Theorem 1.1 in several steps. From Step 1 to Step 9 we prove that (X, ∆) has a log minimal model over Z, and in
Step 10 we prove that (X, ∆) has a good minimal model over Z.
Step 1. In this step, we reduce Theorem 1.1 to the case where X and Z are projective.
Let Z ֒→ Z 
, and so we may assume that X and Z are projective.
Step 2. In this step and the next step, we replace (X, ∆) with a crepant model so that K X + ∆ is R-linearly equivalent to an effective R-divisor which has good properties. The idea is very similar to [25, steps 2-4 in the proof of Theorem 1.2].
In this step, we construct a rational map associated to K X + ∆ and study properties of an lc pair on a resolution of the rational map. Pick an effective R-divisor D such that K X + ∆ ∼ R,Z D, and take the relative Iitaka fibration X V over Z associated to D. We have dimV − dimZ = κ σ (X/Z, K X + ∆). Letf :X → X be a log resolution of (X, ∆) such that the induced mapX V is a morphism. We can construct a log smooth lc pair (X,∆) such that (i) KX +∆ =f * (K X + ∆) +Ē for an effectivef -exceptional divisorĒ, and (ii) κ σ (X/Z, KX +∆) = dimV − dimZ and κ σ (X/V, KX +∆) = 0 (Lemma 2.11). By construction of X V and (X,∆), the divisor KX +∆ is R-linearly equivalent to the sum of an effective R-divisor and the pullback of a relatively ample divisor on V . So we can find an effective R-divisorD ∼ R,Z KX +∆ such that SuppD contains all lc centers of (X,∆) which are vertical over V . By taking a log resolution of (X, Supp(∆+D)) and by replacing (X,∆) andD, we may assume that (X, Supp(∆ +D)) is log smooth. By applying the argument as in [24, Proof of Lemma 2.10] to the morphism (X,∆) → V and by replacing (X,∆) andD again, we may assume that (iii)∆ =∆ ′ +∆ ′′ , where∆ ′ is effective and∆ ′′ is a reduced divisor, such that∆ ′′ is vertical over V and all lc centers of (X,∆ −∆ ′′ ) dominate V .
Note that we may have∆ ′′ = 0. We have SuppD ⊃ Supp∆ ′′ since SuppD contains all lc centers of (X,∆) which are vertical over V . By decomposingD appropriately, we obtain effective R-divisorsḠ andH such that (iv) KX +∆ ∼ R,ZḠ +H, (v) Supp∆ ′′ ⊂ SuppḠ ⊂ Supp ∆ , and (vi) no component ofH is a component of ∆ . We fix a real number t 0 ∈ (0, 1) such that∆ − t 0Ḡ ≥ 0. For any t ∈ (0, t 0 ], we consider the pair (X,∆−tḠ). By conditions (iii) and (v), we see that any lc center of (X,∆−tḠ) dominates V . Since we have KX +∆ ∼ R,ZḠ +H and KX +∆ − tḠ ∼ R,Z (1 − t)Ḡ +H, by applying Remark 2.8 (1), we obtain κ σ (X/Z, KX +∆ − tḠ) = κ σ (X/Z, KX +∆). Combining this and condition (ii), we obtain κ σ (X/Z, KX +∆ − tḠ) = dimV − dimZ. Similarly, we obtain κ σ (X/V, KX +∆−tḠ) = 0. Thus the morphisms (X,∆−tḠ) → V and V → Z satisfy all conditions of [25, Proposition 3.3] . By [25, Proposition 3.3] , the pair (X,∆ − tḠ) has a good minimal model over Z for any t ∈ (0, t 0 ].
Step 3. We use the notations and conditions (i)-(vi) in Step 2.
We run a (KX +∆)-MMP over X, and we get a morphism f :
. Let G and H be the birational transforms ofḠ andH on X, respectively. By condition (iv), we have K X + ∆ ∼ R,Z G + H. By condition (vi) and because (X, Supp(∆ +D)) is log smooth, by replacing t 0 with a smaller one, we may assume that (X,∆ + t 0H ) is dlt. By construction of the mapX X, by replacing t 0 again, we may assume thatX X is a sequence of steps of a (KX +∆ + tH)-MMP and a sequence of steps of a (KX +∆− tḠ)-MMP for any t ∈ (0, t 0 ]. Then ( X, ∆ + t 0 H) is dlt, and the pairs ( X, ∆ − t G) and (X,∆ − tḠ) have the same good minimal model over Z for all t ∈ (0, t 0 ]. By running a (K X + ∆ − t G)-MMP over Z, we obtain a good minimal model ( X t , ∆ t − t G t ) of ( X, ∆ − t G) and (X,∆ − tḠ). Let X t → V t be the contraction over Z induced by K Xt + ∆ t − t G t . We have the following diagrams:
We recall that the morphisms (X,∆ − tḠ) → V and V → Z satisfies all conditions of [25, Proposition 3.3] , so the morphism ( X t , ∆ t − t G t ) → V t has a property stated in [25, Proposition 3.3] , that is, any lc center of (
It is easy to check that we can replace (X, ∆) with ( X, ∆). In this way, by replacing (X, ∆) we may assume that there is an effective R-divisors G and H such that (I) K X + ∆ ∼ R,Z G + H, (II) SuppG ⊂ Supp ∆ , and (III) there is a real number t 0 > 0 such that for any t ∈ (0, t 0 ], followings hold true:
(III-a) The pair (X, ∆ + tH) is Q-factorial dlt, and (III-b) there is a sequence of steps of a (K X + ∆ − tG)-MMP over Z terminating with a good minimal model ( X t , ∆ t − t G t ), and the contraction X t → V t over Z induced by K Xt + ∆ t − t G t satisfies the property that any lc center of ( X t , ∆ t − t G t ) dominates V t . In the rest of the proof, we only use notations and properties in (I), (II), (III), (III-a) and (III-b). We may ignore the other notations and conditions in Step 2 and this step.
Step 4. From this step to Step 6, we reduce Theorem 1.1 to the special termination of a log MMP. We mimic arguments as in [26, steps 3-5 in the proof of Theorem 3.5] .
In this step, we construct a strictly decreasing sequence {e i } i≥1 of real numbers and a sequence of birational maps
over Z such that (1) 0 < e i < t 0 and lim i→∞ e i = 0, (2) the map X X 1 is a sequence of steps of a (K X + ∆ + e 1 H)-MMP over Z to a good minimal model over Z, (3) for each i ≥ 1, the pair (X i , ∆ i + e i H i ) is a good minimal model over Z of both (X, ∆ + e i H) and (X 1 , ∆ 1 + e i H 1 ), and (4) for each i ≥ 1, we have X i ≃ X i+1 or the map X i X i+1 is a sequence of steps of a (K X i + ∆ i + e i+1 H i )-MMP over Z with scaling of (e i − e i+1 )H i . Here, ∆ i and H i are the birational transforms of ∆ and H on X i , respectively. By (4), the sequence of birational maps X 1 · · · is a sequence of steps of a (K X 1 + ∆ 1 )-MMP over Z with scaling of e 1 H 1 .
By (I) in Step 3, for any real number t we have
Pick a strictly decreasing infinite sequence {e i } i≥1 of real numbers such that 0 < e i < t 0 and lim i→∞ e i = 0. Then (X, ∆+e i H) are Q-factorial dlt. For each pair (X, ∆−
Step 3. For simplicity of notation, we denote the good minimal model by (
is a sequence of steps of a (K X + ∆ + e i H)-MMP over Z and (
Step 3, prime divisors contracted by the log MMP are components of G + H. By replacing {e i } i≥1 with a subsequence, we may assume that all the maps X X i contract the same divisors. Then all X i are isomorphic in codimension one.
We put X 1 = X 1 , ∆ 1 = ∆ 1 , G 1 = G 1 , and H 1 = H 1 . By the above argument, it is clear that the sequence {e i } i≥1 and the variety X 1 satisfy conditions (1) and (2) stated at the start of this step.
We show that (X 1 , ∆ 1 + tH 1 ) has a good minimal model over Z for any t ∈ (0, e 1 ). We put t ′ = t 1+t
. By using (♠), we see that it is sufficient to prove the existence of a good minimal model over Z of the pair (
Thus, by applying Remark 2.8 (1), we have
By a similar calculation, we obtain
and we see that (X 1 , ∆ 1 − t ′ G 1 ) has a good minimal model over Z. From this fact, we see that (X 1 , ∆ 1 + tH 1 ) has a good minimal model over Z for any t ∈ (0, e 1 ).
By [25, Lemma 2.14], we can construct a sequence of steps of a (K X 1 + ∆ 1 )-MMP over Z with scaling of e 1 H 1
)-MMP over Z terminates after finitely many steps or we have lim j→∞ λ j = 0 when it does not terminate.
For each i ≥ 1, pick the minimum k i such that
is nef. Such k i exists since lim j→∞ λ j = 0, and k 1 = 1. We put
Then the pair (X i , ∆ i + e i H i ) is a good minimal model of (X 1 , ∆ 1 + e i H 1 ) over Z by construction. We show that (X i , ∆ i +e i H i ) is also a good minimal model of (X, ∆+e i H) over Z for any i. Recall that the map (X, ∆ + e i H) ( X i , ∆ i + e i H i ) is in particular a birational contraction to a good minimal model over Z, which was constructed at the third paragraph of this step. Recall also that all X i are isomorphic in codimension one. Since X 1 = X 1 , we see that X 1 and X i are isomorphic in codimension one. Furthermore, since lim i→∞ e i = 0, the divisor K X 1 + ∆ 1 is the limit of movable divisors over Z. Then the (K X 1 + ∆ 1 )-MMP contains only flips, which shows that X i and X i are isomorphic in codimension one. By Remark 2.5, the pair (X i , ∆ i + e i H i ) is a good minimal model of (X, ∆ + e i H) over Z for any i. In this way, we see that the sequence of birational maps (3) and (4) stated at the start of this step.
We have constructed a sequence of positive real numbers {e i } i≥1 and a sequence of birational maps
It is clear that they satisfy conditions (1)-(4) stated at the start of this step.
Step 5. Suppose that the (K X 1 + ∆ 1 )-MMP over Z with scaling of e 1 H 1 terminates. Then X l ≃ X l+1 ≃ · · · for some l. By (3) in Step 4, the pair (X l , ∆ l + e i H l ) is a good minimal model of (X, ∆+e i H) for any i ≥ l. Then a(P, X, ∆+e i H) ≤ a(P, X l , ∆ l +e i H l ) for any prime divisor P over X. By considering the limit i → ∞, we have an inequality a(P, X, ∆) ≤ a(P, X l , ∆ l ) for any prime divisor P over X. Therefore (X l , ∆ l ) is a weak lc model of (X, ∆) over Z, which implies that (X, ∆) has a log minimal model over Z.
In this way, to prove the existence of log minimal model of (X, ∆), we only have to prove the termination of the (K X 1 + ∆ 1 )-MMP over Z.
Step 6. Since we have
Step 4 and since we have
Note that (X 1 , ∆ 1 +e 1 H 1 ) is Q-factorial dlt and any lc center of the pair is an lc center of (X 1 , ∆ 1 ). So, for any i, the pair (X i , ∆ i ) is Q-factorial dlt and any lc center of the pair is normal. There is m > 0 such that for any lc center S m of (X m , ∆ m ) and any i ≥ m, the indeterminacy locus of the birational map X m X i does not contain S m and the restriction of the map to S m induces a birational map S m S i to an lc center S i of (X i , ∆ i ). We define an R-divisor ∆ S i on S i by adjunction
From this step to Step 9, we prove that for any lc center S m of (X m , ∆ m ), there is i 0 ≥ m such that the induced birational map (S i , ∆ S i ) (S i+1 , ∆ S i+1 ) is an isomorphism for any i ≥ i 0 . More strongly, we prove the following statement:
If we can prove this, then the (K X 1 + ∆ 1 )-MMP over Z terminates (see [11] ), and we get a contradiction.
We prove the claim by induction on the dimension of S m . Let Υ m ⊂ S m be an lc center of (X m , ∆ m ). As in [11] , by the induction hypothesis of the claim and by replacing m, we may assume that for any
is an isomorphism. By the argument as in [11] and replacing m again, we may assume that if Υ m = S m then the birational map Υ m Υ i is small and the birational transform of ∆ Υm on Υ i is equal to ∆ Υ i .
Step 7. The basic strategy is similar to [3, Proof of Theorem 1.2]. In the rest of the proof, unless otherwise stated all i are assumed to be i ≥ m. In this step, we define some varieties and divisors used in the rest of the proof. At the start of the next step, we state all notations and facts we will use.
By construction of (X, ∆ + e i H) (2) and (4) in Step 4), there is an lc center S of (X, ∆) such that there is an induced birational map S S i . We set H S = H| S and H S i = H i | S i , and we define ∆ S by adjunction K S +∆ S = (K X +∆)| S . Then we have H S ≥ 0 and H S i ≥ 0, and H S i is equal to the birational transform of H Sm on S i . By (2) and (4) in Step 4, there is a common resolution X → X and X → X i and a subvariety S ⊂ X birational to S and S i such that the induced morphisms S → S and S → S i form a common resolution of the map S S i . By (3) in Step 4, comparing coefficients of divisors (K X + ∆ + e i H)| S and (
for any prime divisor Q over S.
For each i, we set
By Lemma 2.16, there is a crepant model 
for any prime divisor Q over S i . Therefore, the induced birational map T i T i+1 is a birational contraction. By replacing m, we may assume that T m T i is isomorphic in codimension one for any i. Let Ψ (m) i be the birational transform of Ψ i on T m . By the above relation and since By (4) 
∞ ) for any prime divisor Q over S m .
Step 8. We have constructed the diagram 
∞ ) holds for any prime divisor Q ′ on S, by applying Lemma 2.17 to pairs (S, ∆ S ) and (T m , Ψ (m) ∞ ) and the birational map S T m over Z, we see that the divisor
∞ ) by (g). So we may assume that Q ′ is a component of H S . Suppose that Q ′ is exceptional over T m . We note that we have −1 < a(Q ′ , S,
′ is exceptional over S m and it is not extracted by ψ 
i ). Here, the first inequality follows from (d). By considering the limit i → ∞, we obtain
∞ is abundant over Z. To complete this step, we need to prove that (K Tm +Ψ ∞ ) has a good minimal model over Z. Thus we complete this step.
Step 9. With this step we complete the proof of existence of log minimal model of (X, ∆). In other words, we prove the claim stated in Step 6 in this proof.
By Step 8 and Theorem 2.14, by running a (K Tm + Ψ is movable over Z. Therefore, T ′′ and T ′ are isomorphic in codimension one, hence T ′′ and T i 0 are isomorphic in codimension one. We focus on the following diagram over Z. 
∞ is R-linearly equivalent to the pullback of a relatively nef divisor on W . From these facts, K S i 0 + ∆ S i 0 is R-linearly equivalent to the pullback of a relatively nef divisor on W , hence it is nef over Z.
There is i 0 ≥ m such that K S i 0 + ∆ S i 0 is nef over Z. By the argument as in [11] , the birational map (S i , ∆ S i ) (S i+1 , ∆ S i+1 ) is an isomorphism for any i ≥ i 0 . This is the final condition of the claim in Step 6 in this proof. Moreover, by (d) in Step 8, we have
for any prime divisor Q over S i 0 and any i ≥ i 0 . Since we have lim i→∞ e i = 0, we obtain a(Q, S, ∆ S ) ≤ a(Q, S i 0 , ∆ i 0 ). Now we can apply Lemma 2.17 to the pairs (S, ∆ S ) and (S i 0 , ∆ S i 0 ) and the birational map S S i 0 over Z because K S + ∆ S is abundant over Z and κ σ (S/Z, K S + ∆ S ) ≤ n by hypothesis of Theorem 1.1. We see that K S i 0 + ∆ S i 0 is abundant over Z and κ σ (S i 0 /Z, K S i 0 + ∆ S i 0 ) ≤ n. Therefore, the claim in Step 6 in this proof holds for any lc center S m of (X m , ∆ m ), which implies that (X, ∆) has a log minimal model over Z by special termination (see Step 6 in this proof).
Step 10. Finally, we prove that (X, ∆) has a good minimal model over Z.
By running a (K X + ∆)-MMP over Z with scaling, we obtain a log minimal model (X, ∆) (Y, Γ) over Z. We need to show that K Y + Γ is log abundant over Z because log MMP does not keep log abundance of the log canonical divisor. By construction, K Y + Γ is abundant over Z. Pick any lc center S Y of (Y, Γ). Then there is an induced birational map S S Y from an lc center S of (X, ∆). We define ∆ S and Γ S Y by adjunctions We complete the proof.
Abundant lc pairs and lc pairs with big boundary divisors
In this section, we prove results on the minimal model theory for lc pairs such that its log canonical divisor is abundant or boundary divisor is big.
Theorem 4.1. Assume the existence of good minimal models or Mori fiber spaces for all projective klt pairs of dimension n. Let (X, ∆) be a projective lc pair such that
• ∆ is big, and • any lc center of (X, ∆) is at most n-dimensional.
Proof. We take a dlt blow-up π : (X 0 , ∆ 0 ) → (X, ∆). Then ∆ 0 is big. We prove that K X 0 + ∆ 0 is abundant in several steps.
Step 1. In this step, we prove Theorem 4.1 when K X 0 + ∆ 0 − ǫ ∆ 0 is pseudo-effective for some ǫ > 0.
Renaming ǫ by ǫ 2
, we may assume that K X 0 + ∆ 0 − 2ǫ ∆ 0 is pseudo-effective. We may also assume that ∆ 0 − 2ǫ ∆ 0 is big. By [6] , we have
and similarly we see that
and therefore K X 0 + ∆ 0 is abundant.
So we may assume that K X 0 + ∆ 0 − ǫ ∆ 0 is not pseudo-effective for any ǫ > 0.
Step 2. By Step 1, we can find a component S 0 of ∆ 0 such that K X 0 + ∆ 0 − ǫS 0 is not pseudo-effective for any ǫ > 0. By [20, Lemma 3.1], we can construct a birational contraction (X 0 , ∆ 0 ) (X ′ , ∆ ′ ), which is not necessarily (K X 0 + ∆ 0 )-non-positive, and a contraction
and the birational transform of S 0 on X ′ is a prime divisor which dominates Z ′ . We take a log resolution φ :X → X 0 of (X 0 , ∆ 0 ) such that the induced map ψ :X X ′ is a morphism. Then we can write ( * ) KX +∆ = φ * (K X 0 + ∆ 0 ) +Ē with∆ ≥ 0 andĒ ≥ 0 such that∆ andĒ have no common components. We can also write KX +∆ = ψ * (K X ′ + ∆ ′ ) +Ē + −Ē − with ψ-exceptional R-divisorsĒ + ≥ 0 and E − ≥ 0 which have no common components. We run a (KX +∆)-MMP over X ′ with scaling of an ample divisor. By [5, Theorem 3.5], we obtain a model Step 3. We have the following diagram.
is a sequence of steps of a (KX +∆)-MMP. So it is sufficient to prove that KX′′ +∆ ′′ is abundant. We recall that S 0 is a component ∆ 0 such that K X 0 + ∆ 0 − ǫS 0 is not pseudo-effective for any ǫ > 0. LetS be the birational transform of S 0 onX. Then, the divisor KX +∆ − ǫS is not pseudo-effective for any ǫ > 0, henceS is not contracted by the mapX X ′′ . Step 4. We set φS = φ|S. Now we have the following diagram.
We define an R-divisor ∆S onS by adjunction KS + ∆S = (KX +∆)|S. We also define an R-divisor [25, Theorem 1.5] and the hypothesis that all lc centers of (X, ∆) are at most n-dimensional. As in the argument in Step 8 in the proof of Theorem 1.1, by Lemma 2.17, to prove that KS′′ + ∆S′′ is abundant it is sufficient to prove a(Q, S 0 , ∆ S 0 ) ≤ a(Q,S ′′ , ∆S′′) for any prime divisor Q on S 0 . We have
Step 2. Since φ :X → X 0 is a log resolution of (X 0 , ∆ 0 ), we have ∆S ≥ 0 and E|S ≥ 0. By Lemma 2.4, the divisors ∆S andĒ|S have no common component andĒ|S is φS-exceptional, and hence we have a(Q, S 0 , ∆ S 0 ) = a(Q,S, ∆S) for any prime divisor Q on S 0 . Furthermore, since the birational map (X,∆) (X ′′ ,∆ ′′ ) is a sequence of steps of a (KX +∆)-MMP, we have a(Q,S, ∆S) ≤ a(Q,S ′′ , ∆S′′) by [11, Lemma 4.2.10]. So we have a(Q, S 0 , ∆ S 0 ) ≤ a(Q,S ′′ , ∆S′′) for any prime divisor Q on S 0 . By applying Lemma 2.17, we see that KS′′ + ∆S′′ is abundant, and K X 0 + ∆ 0 is also abundant.
So we complete the proof. Theorem 4.2. Assume the existence of good minimal models or Mori fiber spaces for all projective klt pairs of dimension n. Let π : X → Z be a projective morphism of normal quasi-projective varieties, and let (X, ∆) be an lc pair such that
• K X + ∆ is abundant over Z or ∆ is big over Z, and • for any lc center S of (X, ∆), we have dimS − dim π(S) ≤ n. Then, (X, ∆) has a good minimal model or a Mori fiber space over Z.
Proof. When ∆ is big over Z, applying Lemma 2.10 and Theorem 4.1 to the restriction of (X, ∆) to a sufficiently general fiber, we see that K X + ∆ is abundant over Z. So it is sufficient to prove Theorem 4.2 in the case when K X +∆ is abundant over Z. We take a dlt blow-up (Y, Γ) of (X, ∆). For any lc center S of (X, ∆), pick an lc center T of (Y, Γ) mapped to S surjectively. We define Γ T by adjunction
(S). By construction T → S
′′ is the Stein factorization of T → π(S). Restricting the morphism T → S ′ → S ′′ over a sufficiently general point z ∈ S ′′ , we get a morphism T z → S ′ z of projective varieties and an lc pair (T z , Γ Tz ) such that dimS Proof of Theorem 1.3. Note that K X + B ∼ R 0. For any effective Q-Cartier divisor D satisfying the hypothesis, there is a rational number t > 0 such that (X, B + tD) is lc and all lc centers of the pair are at most 3-dimensional. By Theorem 4.2, (X, B + tD) has a good minimal model. Since tD ∼ R K X + B + tD, the assertion holds true.
Proof of Theorem 1.4. Let S be an lc center of (X, ∆). Since all fibers of π have the same dimension and dimX−dimZ ≤ n, we have dimS−dimπ(S) ≤ n. So, the morphism (X, ∆) → Z satisfies the conditions of Theorem 4.2. By Theorem 4.2, (X, ∆) has a good minimal model or a Mori fiber space over Z.
Finally, we prove a result on lc pairs whose boundary divisors contain log big divisors. Let (X, ∆) be a projective lc pair, and let A ≥ 0 be a log big R-Cartier divisor with respect to (X, ∆), i.e. A is big and A| S ν is big for any lc center S of (X, ∆) with the normalization S ν . Suppose that • inequality κ σ (S ν , (K X + ∆ + A)| S ν ) ≤ n holds for any lc center S of (X, ∆) with the normalization S ν , and • the pair (X, ∆ + (1 + t)A) is lc for some t > 0. Then, (X, ∆ + A) has a good minimal model or a Mori fiber space.
Proof. We prove the following statement, the relative setting of the theorem.
( * ) Assume the existence of good minimal models or Mori fiber spaces for all projective klt pairs of dimension n. Let (X, ∆) be a projective Q-factorial dlt pair, and let π : X → Z be a morphism of normal projective varieties. Let A ≥ 0 be a big R-Cartier divisor on Z. Suppose that
• κ σ (S, (K X + ∆ + π * A)| S ) ≤ n and A| π(S) ν is big for any lc center S of (X, ∆), where π(S) ν is the normalization of π(S), and • the pair (X, ∆ + (1 + t)π * A) is lc for some t > 0. Then K X + ∆ + π * A is log abundant.
If we can prove this, we see that K X + ∆ + A in Theorem 4.3 is log abundant by applying ( * ) to a dlt model of (X, ∆ + A), then (X, ∆ + A) has a good minimal model or a Mori fiber space by Theorem 1.1. We prove ( * ) by induction on dimX. By applying the induction hypothesis, we see that it is sufficient to prove that K X + ∆ + π * A is abundant. We may assume that K X + ∆ + π * A is pseudo-effective. Suppose that K X + ∆ − ǫ ∆ + π * A is pseudo-effective for some ǫ > 0. As in Step 1 in the proof of Theorem 4.1, after replacing ǫ by ǫ 2
, we see that it is sufficient to prove that
is klt because of the third condition of ( * ). In this paragraph, we focus on (X, B + π * A) so we ignore conditions of (X, ∆ + π * A). By Lemma 2.13, there is a good minimal model (X ′ , B ′ ) of (X, B) over Z. Let X ′ → Z ′ be the contraction over Z induced by K X ′ + B ′ , and let h : Z ′ → Z be the induced morphism, which is birational since the restriction of K X ′ + B ′ to a general fiber of X ′ → Z is numerically trivial. Replacing (X, B) → Z and A with (X ′ , B ′ ) → Z ′ and h * A respectively, we may assume K X + B ∼ R,Z 0. By [16, Corollary 3.2] , there are R-divisors B Z and Θ Z such that (Z, B Z ) and (Z, Θ Z ) are klt and relations
and the divisor K Z + s(B Z + A) + (1 − t)Θ Z is abundant because A is big ( [6] ). So K X + B + π * A is abundant. Therefore, we assume K X + ∆ − ǫ ∆ + π * A is not pseudo-effective for all ǫ > 0. Put Ψ = ∆ + π * A. As in steps 2 and 3 in the proof of Theorem 4.1, we construct
(1) a log resolution φ :X → X of (X, Ψ) and a log smooth lc pair (X,Ψ) such that we may write KX +Ψ = φ * (K X + Ψ) +Ē withĒ ≥ 0 such thatĒ andΨ have no common components, (2) a sequence of steps of log MMP (X,Ψ) (X ′ ,Ψ ′ ) with a contractionX ′ → Z ′ such that KX′ +Ψ ′ ∼ R,Z ′ 0 and K X + Ψ is abundant if KX′ +Ψ ′ is abundant, and (3) a component S of ∆ with the birational transformS ′ onX ′ such that the induced morphismS ′ → Z ′ is surjective.
LetS be the birational transform of S onX. We define Ψ S , ΨS, and ΨS′ by adjunctions K S + Ψ S = (K X + Ψ)| S , KS + ΨS = (KX +Ψ)|S, and KS′ + ΨS′ = (KX′ +Ψ ′ )|S′, respectively. Since KX′ +Ψ ′ ∼ R,Z ′ 0 andS ′ → Z ′ is surjective, KX′ +Ψ ′ is abundant if KS′ + ΨS′ is abundant, so K X + Ψ is abundant if KS′ + ΨS′ is abundant by (2) . By (1), construction ofĒ and Lemma 2.4, we may write KS + ΨS = φ| * S (K S + Ψ S ) +Ē|S and E|S is an effective φ|S-exceptional divisor. The calculation as in Step 4 in the proof of Theorem 4.1 shows a(Q, S, Ψ S ) = a(Q,S, ΨS) ≤ a(Q,S ′ ,Ψ ′ ) for any prime divisor Q on S. Finally, by induction hypothesis and hypothesis of the statement ( * ), we see that K S + Ψ S is abundant and κ σ (S, K S + Ψ S ) ≤ n. Therefore, applying Lemma 2.17 to (S, Ψ S ) → SpecC and (S ′ , ΨS′), we see that KS′ + ΨS′ is abundant, from which the divisor K X + ∆ + π * A = K X + Ψ is abundant. In this way, we see that the assertion ( * ) holds. So we are done.
Proof of Theorem 1.5
In this section, we prove Theorem 1.5 by the same idea as in Theorem 1.1. The key ingredient is the following theorem.
Theorem 5.1. Let π : X → Z be a morphism of normal projective varieties, and let (X, B) be an lc pair. Suppose that there is an R-Cartier divisor C ≥ 0 on X such that
• the pair (X, B + C) is lc, and
is lc. Then (X, B + A) has a good minimal model or a Mori fiber space.
The following lemma is a variant of Theorem 5.1. We use it to prove Theorem 5.1. 
has a good minimal model or a Mori fiber space.
Proof. We put A Y = f * A. By replacing (Y, Γ + A Y ) with a dlt model, we may assume that (Y, Γ + A Y ) is Q-factorial dlt. We may write
with M ≥ 0 and N ≥ 0 such that M and N have no common components and M is f -exceptional. We run a (K Y + Γ + A Y )-MMP over X with scaling of an ample divisor. By argument of very exceptional divisors, we reach a model
* A Z , and hence we can apply Theorem 5.1 Lemma 5.3 (see also [27, Corollary 4.3] ). Let π : X → Z be a morphism of normal projective varieties and (X, B) be a klt pair. Suppose κ σ (X/Z, K X + B) = 0. Let A Z be an ample R-divisor on Z.
Then K X + B + π * A Z is abundant. In particular, if the pair (X, B + π * A Z ) is klt then it has a good minimal model or a Mori fiber space.
Proof. By Lemma 2.13, we can find a good minimal model (X ′ , B ′ ) of (X, B) over Z. Let π ′ : X ′ → Z ′ be the contraction over Z induced by K X ′ + B ′ , and let h : Z ′ → Z be the induced morphism. By [16, Corollary 3.2] there is an R-divisor
) because h * A Z is nef and big. So the divisor K X ′ + B ′ + π ′ * h * A Z is abundant, and hence we see that K X + B + π * A Z is abundant. By Lemma 2.13, the pair (X, B + π * A Z ) has a good minimal model or a Mori fiber space.
Theorem 5.4. Assume Theorem 5.1 for all projective lc pairs of dimension ≤ n − 1. Let π : X → Z, (X, B), C, A Z and A be as in Theorem 5.1 such that dimX = n.
Proof. The idea is very similar to the proof of Theorem 4.1. We may assume that K X + B + A is pseudo-effective and π is a contraction. By replacing A with a general one, we may also assume that B and A have no common components and all lc centers of (X, B + A) are lc centers of (X, B). By taking a dlt model of (X, B + A), we may assume that (X, B + A) is Q-factorial dlt.
Step 1. In this step, we prove Theorem 5.4 in the case when K X + B − ǫ B + A is pseudo-effective for some ǫ > 0. Renaming ǫ by ǫ 2
, we may assume that K X + B −2ǫ B + A is pseudo-effective. Then
where the final equality follows from the hypothesis. By Lemma 5.3, we have
and similarly we see that K X + B − ǫ B + A is abundant. Then K X + B − 2ǫ B + A is R-linearly equivalent to an effective R-divisor G. Then
By Remark 2.8 (1), we have
So we may assume that K X + B − ǫ B + A is not pseudo-effective for any ǫ > 0.
Step Step 3. Let φ :X → X and ψ :X → X ′ be a common log resolution of the birational map (X, B) (X ′ , B ′ ). Since A is general, we may replace A by an other member of its R-linear system whose coefficients belong to I. The ACC for log canonical thresholds guarantees that the equality lct(X ′ , B ′ − S ′ + A ′ ; S ′ ) = 1 still holds after we replace A, which shows that we can replace A by a general one keeping conditions that (
By replacing A, we may assume that φ is a log resolution of (X, B + A) and that Suppφ * A and Suppφ
withB ≥ 0 andĒ ≥ 0 which have no common components. ThenB +Ā andĒ have no common components and (X,B +Ā) is lc. We can also write
with ψ-exceptional R-divisorsĒ + ≥ 0 andĒ − ≥ 0 such thatĒ + andĒ − have no common components. We run a (KX +B +Ā)-MMP over X ′ with scaling of an ample divisor. By [5, Theorem 3.5] , we obtain a model Step 4. We have the following diagram. In the rest of the proof, we do not use the pair (X ′ , B ′ + A ′ ) and the morphism X ′ → Z ′ , so we forget them. Take a common log resolution τ ′′ : T →S ′′ and τ : T →S of the map (S, BS) (S ′′ , BS′′). We can replace A by a general member of its R-linear system. Indeed, recall that φ :X → X is a log resolution of (X, B) and the birational map (X,B +Ā) (X ′′ ,B ′′ +Ā ′′ ) is a sequence of steps of the (KX +B +Ā)-MMP. Recall also the relationsĀ = φ * A, AS′′ =Ā ′′ |S′′, and thatĀ ′′ is the birational transform ofĀ onX ′′ . Since the property of being abundant of KS′′ + BS′′ + AS′′ does not depend on R-linear equivalence class of AS′′, we may replace A. By Lemma 2.1 and Lemma 2.2 and replacing A, we may assume AS ≥ 0, AS′′ ≥ 0, τ * AS ≤ τ ′′−1 * AS′′, and τ ′′ : T →S ′′ is a log resolution of (S ′′ , BS′′ + AS′′), where AS =Ā|S.
Step 5. Let π S : S → Z be the restriction of π : X → Z to S, and let φS :S → S be the birational morphism induced by φ :X → X. Now we have the following diagram.
We define an R-divisor BS onS by adjunction KS + BS = (KX +B)|S. We also define A S and B S by A S = A| S and K S + B S = (K X + B)| S , respectively. We have
Step 3. Since φ :X → X is a log resolution of (X, B + A) and by generality of A, we have BS ≥ 0 and E|S ≥ 0, and furthermore BS + AS and E|S have no common components and E|S is φS-exceptional (Lemma 2.4).
Put
AS′′. We can write
with Ψ ≥ 0 and E T ≥ 0 such that (T, Ψ + A T ) is a Q-factorial dlt pair and Ψ + A T and E T have no common components. Then it is sufficient to prove that K T + Ψ + A T is abundant.
Step 6. We may write 
So KX′′ +B ′′ +Ā ′′ is abundant, and so is K X + B + A. We complete the proof.
Theorem 5.5. Assume Theorem 5.1 for all projective lc pairs of dimension ≤ n − 1. Let π : X → Z, (X, B), C, A Z and A be as in Theorem 5.1 such that dimX = n. If (X, B + A) has a log minimal model, then it has a good minimal model.
Proof. By taking a dlt blow-up of (X, B) and by replacing (X, B) and A, we can assume that (X, B + A) is Q-factorial dlt. We run a (K X + B + A)-MMP and get a log minimal Lemma 3.4] , it is sufficient to prove that K X ′ + B ′ + A ′ is nef and log abundant with respect to (X ′ , B ′ + A ′ ). By replacing A if necessary, we can assume all lc centers of (X, B + A) are lc centers of (X, B).
By Theorem 5.4,
Then there is an lc center S of (X, B + A) such that the birational map X X ′ induces a birational map S S ′ . We put A S = A| S and
T → S ′ and τ : T S be a common log resolution of the map (S, B S ) (S ′ , B S ′ ). By Lemma 2.1 and Lemma 2.2 and by replacing A with a general one, we can assume that τ ′ is a log resolution of (S ′ , B S ′ +A S ′ ) and τ
Then we can write
with Ψ ≥ 0 and E T ≥ 0 such that (T, Ψ + A T ) is Q-factorial dlt and Ψ + A T and E T have no common components. We can also write 
and hence we have a(Q, S, B S + A S ) > 0. So Q is τ -exceptional, and hence we see that M + is τ -exceptional. By Lemma 5.2, we see that K T + Ψ + A T is abundant, then Before the proof, we show the following lemma.
Lemma 5.7 (cf. [27, Theorem 4.2]). Let π : X → Z be a surjective morphism of normal projective varieties, and let (X, ∆) be a Q-factorial dlt pair such that K X +∆ is pseudoeffective. Suppose that K X + ∆ ∼ R π * D for an R-Cartier R-divisor D on Z, and there is a component S of ∆ dominating Z.
Then (X, ∆) has a log minimal model if (S, Diff(∆ − S)) has a log minimal model. . Let (X, ∆) be a projective lc pair. Then (X, ∆) has a log minimal model if and only if K X + ∆ is pseudo-effective and there is a resolution f : Y → X of X such that the Nakayama-Zariski decomposition of f * (K X + ∆) has nef positive part.
Proof of Lemma 5.7. The proof is similar to that of [27, Theorem 4.2] . In this proof, P σ ( · ) denotes the positive part of Nakayama-Zariski decomposition. We note that we have
We set π S = π| S : S → Z. Then K S + Diff(∆ − S) ∼ R π * S D by hypothesis. Assume that (S, Diff(∆ − S)) has a log minimal model. By Theorem 5.8, there is a resolution τ : T → S such that the divisor P σ (τ * π * S D) is nef. Let h : Z ′ → Z be a resolution. Thanks to [35, III, 5. 17 Corollary], we may replace T with a higher birational model, so we can assume that the induced map π T : T Z ′ is a morphism. Since P σ (π * T h * D) is nef, by [35, III, 5.18 Corollary], there is a projective birational morphism h ′ :
) is nef. From this fact and by Theorem 5.8, we see that (X, ∆) has a log minimal model.
Finally we prove Lemma 5.6.
Proof of Lemma 5.6. We may assume that K X + B + A is pseudo-effective. Suppose that K X + B − ǫ B + A is not pseudo-effective for any ǫ > 0. Thanks to Theorem 5.5, we only have to prove the existence of a log minimal model of (X, B + A). But then we can apply Step 2-6 in the proof of Theorem 5.4. As in Step 2-4, we construct (1) a log resolution φ :X → X of (X, B) and a log smooth lc pair (X,B +Ā), wherē A = φ * A, such that we may write KX +B +Ā = φ * (K X + B + A) +Ē with E ≥ 0 such thatĒ andB +Ā have no common components, (2) a sequence of steps of log MMP (X,B +Ā)
has a log minimal model, and (3) a component S of B with the birational transformS ′ onX ′ such that the induced morphismS ′ → Z ′ is surjective.
LetS be the birational transform of S onX. We define B S , BS, and BS′ by adjunctions K S + B S = (K X + B)| S , KS + BS = (KX +B)|S, and KS′ + BS′ = (KX′ +B ′ )|S′, respectively. Set A S = A| S , AS =Ā|S, and AS′ =Ā ′ |S′.
has a log minimal model if (S ′ , BS′ + AS′) has a log minimal model, so it is sufficient to prove that (S ′ , BS′ + AS′) has a log minimal model by (2) . By (1), construction ofĒ and Lemma 2.4, we have KS +BS +AS = φ| * S (K S +B S +A S )+Ē|S andĒ|S is an effective φ|S-exceptional divisor. Let τ ′ : T →S ′ and τ : T →S be a common log resolution of (S, BS) (S ′ , BS′). As in the latter part of Step 4, we can replace A by a general member of its R-linear system. By Lemma 2.1 and Lemma 2.2 and by replacing A, we may assume AS ≥ 0, AS′ ≥ 0, τ * AS ≤ τ ′−1 * AS′, and τ ′ : T →S ′ is a log resolution of (S ′ , BS′ + AS′). Putting A T = τ * AS, we may write K T + Ψ + A T = τ ′ * (KS′ + BS′ + AS′) + E T with Ψ ≥ 0 and E T ≥ 0 such that the pair (T, Ψ + A T ) is Q-factorial dlt and Ψ + A T and E T have no common components. Calculations as in Step 6 shows that the effective part of
Finally, by induction hypothesis of Theorem 5.1 and by Lemma 5.2, we see that (T, Ψ+A T ) has a log minimal model. Then (S ′ , BS′ + AS′) also has a log minimal model, and so does (X ′ ,B ′ +Ā ′ ). Existence of a log minimal model of (X, B + A) follows from this fact. Proof of Theorem 5.1. We prove the theorem by induction on dimX. Put n = dimX, and suppose that Theorem 5.1 holds for all projective lc pairs of dimension ≤ n − 1. By Lemma 5.3, we may assume that (X, B) is not klt. By Theorem 5.5, it is sufficient to show the existence of log minimal model of (X, B + A) under the assumption that K X + B + A is pseudo-effective. By taking a dlt model, we may assume that (X, B + A) is Q-factorial dlt. By Theorem 5.4, the divisor K X + B + A is abundant. We prove Theorem 5.1 with several steps.
Step 1. By Lemma 5.6, we may assume there is u > 0 such that K X + B − u B + A is pseudo-effective. By using Lemma 5.3, we can find D ≥ 0 such that D ∼ R K X + B + A and SuppD ⊃ Supp B . Let f : X → X be a log resolution of (X, Supp(B + D)), and let ( X, B) be a log smooth model of (X, B) (for the definition of log smooth model, see [24, Definition 2.9] ). We can write f * D = G + H with G ≥ 0 and H ≥ 0 such that G and H have no common components and Supp G = Supp B . Because H and B have no common components and ( X, Supp ( B + H)) is log smooth, there is ǫ > 0 such that ( X, B + ǫ H) is dlt. We construct a dlt blow-up
by running a (K X + B)-MMP over X. Let G ′ and H ′ be the birational transforms of G and H on X ′ , respectively. By replacing ǫ with a smaller one, we may assume that X X ′ is a sequence of steps of the (
It is easy to check that we may replace X → Z, (X, B), C, A Z and A by X ′ → Z, ( X ′ , B ′ ), f ′ * C, A Z and f ′ * A, respectively. In this way, we may assume that there is an effective R-divisors G and H such that
• there is a real number ǫ > 0 such that (X, B + ǫH) is Q-factorial dlt.
Step 2. By choosing ǫ > 0 in Step 1 sufficiently small, we can assume that B − ǫG ≥ 0.
By replacing A, we may also assume that A and B + H have no common components, (X, B + A + ǫH) is dlt and any lc center of the pair is an lc center of (X, B). In this step, we construct a strictly decreasing sequence {e i } i≥1 of real numbers and a sequence of birational maps
such that (1) 0 < e i < ǫ and lim i→∞ e i = 0, (2) X X 1 is a sequence of steps of the (K X + B + A + e 1 H)-MMP to a good minimal model, (3) for any i ≥ 1, the pair (X i , B i + A i + e i H i ) is a good minimal model of both pairs (X 1 , B 1 + A 1 + e i H 1 ) and (X, B + A + e i H), and (4) for each i ≥ 1, we have X i ≃ X i+1 or the map X i X i+1 is a sequence of steps of a (K X i + B i + A i + e i+1 H i )-MMP with scaling of (e i − e i+1 )H i . Here B i , A i and H i are the birational transforms of B, A and H on X i , respectively. By condition (4), the sequence of birational maps X 1 · · · is a sequence of steps of a (K X 1 + B 1 + A 1 )-MMP with scaling of e 1 H 1 .
Pick a strictly decreasing infinite sequence {e i } i≥1 of positive real numbers such that e i < ǫ for any i ≥ 1 and lim i→∞ e i = 0. Then (X, B +A+e i H) is dlt, (X, B +A− e i 1+e i G) G 1 ) is klt. By Lemma 2.13 and the above relation, it is sufficient to show that K X 1 + B 1 + A 1 + tH 1 is abundant. We have
Since the map X X 1 is a sequence of steps of the (K X + B + A + e 1 H)-MMP, it is sufficient to show that K X + B + A+ e 1 H is abundant. Using the relation K X + B + A+ e 1 H 1 ∼ R G + (1 + e 1 )H and Remark 2.8 (1), K X +B+A+e 1 H is abundant if and only if K X +B+A is abundant, which is true by Theorem 5.4. In this way, we see that K X 1 +B 1 +A 1 +tH 1 is abundant, and so (X 1 , B 1 + A 1 + tH 1 ) has a good minimal model for any t ∈ (0, e 1 ).
Put For any i ≥ 1, pick the minimum k i such that
is nef. Such k i exists since lim j→∞ λ j = 0, and we have k 1 = 1. By the argument as in Step 4 in the proof of Theorem 1.1, we see that the pair (X
and it is also a good minimal model of (X, B + A + e i H). By abuse of notations, we put
). Then we can check that {e i } i≥1 and
satisfy (1), (2), (3) and (4) stated at the start of this step. Indeed, (1) and (2) follow from k 1 = 1 and the argument in the second paragraph. The condition (4) follows from the argument in the fourth paragraph and
. The condition (3) follows from the fifth paragraph.
Step 3. As in Step 5 in the proof of Theorem 1.1, if the (K X 1 + B 1 + A 1 )-MMP with scaling of e 1 H 1 terminates, then (X, B + A) has a log minimal model. Thus we only have to prove termination of the (
Suppose by contradiction that the (K X 1 + B 1 + A 1 )-MMP does not terminate. Since
this log MMP occurs only in Supp B 1 . We will get a contradiction by the argument of the special termination as in [11] .
Step 4. The goal of this step is to prove inequality (♠) stated below. The argument is almost same as the second paragraph of Step 7 in the proof of Theorem 1.1.
Note that (X 1 , B 1 + A 1 + e 1 H 1 ) is Q-factorial dlt and any lc center of the pair is an lc center of (X 1 , B 1 ). So (X i , B i + A i + e i H i ) is Q-factorial dlt and any lc center of the pair is an lc center of (X i , B i ) for any i ≥ 1. For any lc center S of (X, B), we set A S = A| S and H S = H| S , and we define B S by adjunction K S + B S = (K X + B)| S . Note that A S and H S are effective R-Cartier divisors, and K S + B S is R-Cartier. Similarly, for any i ≥ 1 and any lc center S i of (X i , B i ), we set A S i = A| S i and H S i = H| S i , and we define B S i by adjunction K S i + B S i = (K X i + B i )| S i . Then A S i and H S i are both effective R-Cartier divisors, and K S i + B S i is R-Cartier. Morevoer, the pairs (S, B S + A S + e i H S ) and (S i , B S i + A S i + e i H S i ) are all dlt.
By construction of the map (X, B + A + e i H) (2) and (4) in Step 2), for any i ≥ 1 and any lc center S i of (X i , B i ), there is an lc center S of (X, B) such that the map X X i induces a birational map S S i . By (2) and (4) in Step 2, there is a common resolution X → X and X → X i of the map X X i and a subvariety S ⊂ X birational to S and S i such that the induced morphisms S → S and S → S i form a common resolution of S S i . Because of condition (3) in Step 2, by restricting the pullbacks of K X + B + A + e i H and K X i + B i + A i + e i H i to S and comparing coefficients of those restricted divisors, we obtain
Step 5. Now we can write A = l r l A (l) , where 0 < r l < 1 and A (l) are base point free Cartier divisors and general in their linear systems. The goal of this step is to replace A with a sufficiently general one by replacing A (l) with a sufficiently general member of its linear system so that all dlt pairs (S i , B S i + A S i + e i H S i ) have good properties. We note that all (X i , B i + A i + e i H i ) are Q-factorial dlt pairs with the same lc centers as lc centers of (X i , B i ), and B + H and A have no common components as far as all A (l) are general. Also, we note that all the log MMP and the good minimal models constructed in Step 3 and the inequalities of discrepancies in Step 4 do not depend on R-linear equivalence class of A. Therefore, after replacing A and replacing A i , A S and A S i accordingly, we need not change other divisors, varieties and pairs.
We fix an lc center S i of (X i , B i ), and let S be an lc center of (X, B) such that the map X X i induces a birational map S S i . Let C be the set of components of H S . For any boundary R-divisor ∆ S i such that (S i , ∆ S i ) is dlt, we consider the set
Note that we may have C ∆ S i = ∅. Since C ∆ S i ⊂ C, there are only finitely many subsets C 1 , · · · , C j 0 of C such that for any dlt pair (S i , ∆ S i ), there is 1 ≤ j ≤ j 0 satisfying C ∆ S i = C j . By discarding some C j , we may assume that for any 1 ≤ j ≤ j 0 there is a dlt pair (S i , ∆ (j) ) such that C j = C ∆ (j) . By applying Lemma 2.16 to dlt pairs (S i , ∆ (j) ), there are finitely many projective birational morphisms ψ S i ,j :S i,j → S i such that (S i,j , 0) are Q-factorial klt and ψ −1 S i ,j exactly extracts elements of C j . By construction, for any dlt pair (S i , ∆ S i ), there is 1 ≤ j ≤ j 0 such that ψ −1 S i ,j exactly extracts elements of C ∆ S i . For each j, let ES i,j be the sum of all ψ S i ,j -exceptional prime divisors and all exceptional prime divisors of the induced mapS i,j S. We fix a log resolution τ S i ,j : S i,j →S i,j of S i,j , ψ −1 S i ,j * (B S i + H S i ) + ES i,j such that the induced birational map σ S i ,j : S i,j S is a morphism.
Note that the morphisms ψ S i ,j , τ S i ,j and σ S i ,j do not depend on A. By Lemma 2.1 and Lemma 2.2 and by replacing A with a general one, for any j we may assume that
We apply the above discussion for all S i and we replace A with a sufficiently general one. Then A and A S satisfies the above two conditions for all S i and j. For each S i and the set C B S i +A S i +e i H S i , we choose the corresponding index j and we set
We define Ψ T i by equation
. By construction, we have Ψ T i ≥ 0, (T i , 0) is Q-factorial klt and (T i , Ψ T i ) is lc. By the second condition stated above, the morphism τ S i : T i → T i is a log resolution of (T i , Ψ T i ). We note that the inclusion SuppΨ
where E T i is the sum of all ψ S i -exceptional prime divisors and all exceptional prime divisors of T i S. By the first condition stated above, we have σ * S i
From the above argument, by replacing A, we may assume that for any i ≥ 1 and any lc center S i of (X i , B i ) with corresponding lc center S of (X, B), there is a diagram
exactly extracts all components Q ′ of H S which are exceptional over
This diagram and conditions will be used in steps 7, 8 and 9.
Step 6. We start the argument of the special termination. The basic strategy is similar to [3, Proof of Theorem 1.2]. There is m > 0 such that for any lc center S m of (X m , B m ) and any i ≥ m, the indeterminacy locus of the birational map X m X i does not contain S m and the restriction of the map to S m induces a birational map S m S i to an lc center S i of (X i , B i ). From now on, we prove that for any lc center S m of (X m , B m ), there is i 0 ≥ m such that the induced map (S i , B S i + A S i ) (S i+1 , B S i+1 + A S i+1 ) is an isomorphism for any i ≥ i 0 . If we can prove this, then the (K X 1 + B 1 + A 1 )-MMP terminates ( [11] ), and we get a contradiction. We prove this by induction on the dimension of S m . As in [11] , by replacing m, we may assume that the induced birational map S m S i is small and the birational transforms of B Sm and A Sm on S i are equal to B S i and A S i , respectively. Then we can easily check that it is sufficient to prove that K S i + B S i + A S i is nef for some i ≥ m (see [26, Step 5 in the proof of Theorem 3.5]).
Step 7. In the rest of the proof, unless otherwise stated all i are assumed to be i ≥ m. In this step, we define some varieties and divisors used to the proof.
For each i, let 
for any prime divisor Q over S i . By (a) in Step 5, the induced birational map T i T i+1 is a birational contraction. Replacing m, we may assume that T m and T i are isomorphic in codimension one for all i. Let Ψ (m) i be the birational transform of Ψ T i on T m . By the above relation and since we have
Thus the limit Ψ (m)
By (4) 
for any prime divisor Q over S m . Since the map T m T i is isomorphic in codimension one, we obtain ψ *
for any i. By considering the limit i → ∞, for any prime divisor Q over S m , we have
Step 8. In this step, we prove that (T m , Ψ
∞ ) has a good minimal model. Note that the divisor ∞ ). Here, the first equality follows from that Q is a divisor on S and not a component of H S , the second inequality follows from (♠) in Step 4, the third inequality is clear from a property of discrepancies, and the final inequality follows from (♣) in Step 7. So we may assume that Q is a component of H S . Then −1 < a(Q, S, B S +A S +e m H S ), and by using this and (♠) in Step 4 we obtain −1 < a(Q, S m , B Sm + A Sm + e m H Sm ). Suppose that Q is exceptional over T m . This implies that Q is exceptional over S m and it is not extracted by ψ 
Here we used (♣) in Step 7 to obtain the final inequality. Suppose that Q is a divisor on T m . Since T m T i is small for any i, we have
where, the first inequality follows from (♠) in Step 4, the second equality follows from (c) in
Step 5, and the third equality follows from that Q is a divisor of T m and T i . By considering the limit i → ∞, we have a(Q, S, B S + A S ) ≤ a(Q, T m , Ψ Step 9. With this step we complete the proof. The argument is the same as Step 9 in the proof of Theorem 1.1. But we write details for the reader's convenience.
Since (T m , 0) is Q-factorial klt ((b) in Step 5), by Step 8 and Theorem 2.14, there is a sequence of steps of a (
is also Q-factorial klt since the map T m T ′ is also a sequence of steps of the (K Tm + tΨ ′′ . In particular, it is R-linearly equivalent to the pullback of a nef divisor on W . Note that this log MMP also contains only flips since K T ′ + Ψ ′ i is movable. Therefore, T ′′ and T ′ are isomorphic in codimension one, hence T ′′ and T i are isomorphic in codimension one. We focus on the following diagram
Here S i W is the induced rational map. Since T ′′ and T i are isomorphic in codimension one, by the negativity lemma, we see that the rational map S i W is a morphism. Furthermore, by definition of Ψ We first treat the case when X is Q-factorial. By [27, Appendix] by Jinhyung Park, X is a Mori dream space, therefore we see that Y is a (non-Q-factorial) Mori dream space by [36, Theorem 9.3] . Moreover, by [ A contraction X → Y of normal projective varieties is said to be a Fano fibration if −K X is ample over Y and dim X > dim Y . We close this section with a result on existence of a birational contraction to Fano fibration. Theorem 5.10. Let (X, 0) be a projective lc pair such that K X is not pseudo-effective. Given an ample divisor A, let t be the pseudo-effective threshold of A with respect to K X , that is, the unique real number t > 0 such that K X + tA is pseudo-effective but not big.
Then there is a birational contraction X Y and a Fano fibration Y → Z with dimZ = κ σ (X, K X + tA).
Proof. By rescaling and replacing A, we may assume that t = 1 and (X, (1 + ǫ)A) is lc for some ǫ > 0. By Theorem 1.5, (X, A) and (X, (1 + ǫ)A) have good minimal models. Let (Y ′ , E ′ ) be a dlt blow-up of (X, 0), and set G ′ (resp. G and set λ i = inf{µ ∈ R ≥0 | K X i + B i + µA i is nef over Z}, where A i is the birational transform of A on X i . We show that λ i > λ i+1 for any i ≥ 1. Suppose by contradiction that λ i = λ i+1 for an i. Let X i → V i and X i+1 → V i+1 be the extremal contractions of the log MMP. Then X i+1 is not isomorphic to V i because ρ(X i /Z) = ρ(X i+1 /Z) by the argument of the third paragraph. So there is a curve ξ on X i+1 contracted by X i+1 → V i . Pick any curve ξ ′ on X i+1 contracted by X i+1 → V i+1 . By Remark 6.1 (2), all K X i+1 + B 
Since we assume λ i = λ i+1 and since (K X i+1 + B i+1 ) · ξ ′ < 0, we have
We put β = (K X i+1 +B i+1 )·ξ (K X i+1 +B i+1 )·ξ ′ ∈ Q(r 1 , · · · , r m ). Then A i+1 are the basis of N 1 (X i+1 /Z) R , we see that ξ − βξ ′ = 0 in N 1 (X i+1 /Z) R . So ξ and ξ ′ generate the same half line in N 1 (X i+1 /Z) R . But it is impossible because ξ is contracted by X i+1 → V i and ξ ′ is contracted by X i+1 → V i+1 . Hence we have λ i > λ i+1 . Finally, we prove that the (K X +B)-MMP over Z with scaling of A must terminate. If it does not terminate, set λ = lim i→∞ λ i . Then λ = λ i for any i by the above argument, and the divisor K X + B + λA is pseudo-effective over Z. Moreover, the pair (X, B + λA) has a log minimal model over Z by Theorem 1.5 or hypothesis of Proposition 6.2. But it contradicts [5, Theorem 4.1 (iii)]. So the log MMP terminates.
From now on, we prove Theorem 1.7.
Proof of Theorem 1.7. The strategy is the same as [25, Proof of Lemma 2.14]. In this proof, for any R-divisor D on X, any i ∈ Z >0 and any birational contraction X X i , D i denotes the birational transform of D on X i .
Put (X, B) = (X 1 , B 1 ) and set λ 1 = inf{µ ≥ 0 | K X 1 + B 1 + µA 1 is nef over Z}.
If λ 1 = 0, there is nothing to prove. If λ 1 > 0, by the argument of length of extremal rays, we can find 0 ≤ λ 
to a log minimal model or a Mori fiber space (X k 2 , B k 2 + λ ′ 2 A k 2 ) over Z such that K X k 1 + B k 1 + λ 2 A k 1 is trivial over each extremal contraction of the log MMP. Then the map X 1 X k 2 is a sequence of steps of the (K X 1 + B 1 )-MMP over Z with scaling of A 1 . By repeating this discussion, we obtain a sequence of steps of a (K X 1 + B 1 )-MMP over Z with scaling of A 1
We show that this log MMP terminates. Suppose that this log MMP does not terminate. Setλ i = inf{µ ≥ 0 | K X i + B i + µA i is nef over Z} and λ := lim i→∞λi . By construction, λ =λ j for any j, and the divisor K X + B + λA is pseudo-effective over Z. Furthermore, the pair (X, B + λA) has a log minimal model over Z by Theorem 1.5 or hypothesis of Theorem 1.7. But it contradicts [5, Theorem 4.1 (iii)]. So the log MMP terminates.
